Abstract
Introduction
Reparameterization, i.e. change of coordinates, is a key concept underlying both G k constructions of curves and surfaces and isogeometric analysis of physical properties. G k continuity characterizes constructions of C k surfaces such that any two abutting pieces have their derivatives match up to order k after reparameterization (see e.g. [GH87, Boe88, Pet02] ). Isogeometric elements are higher-order isoparametric elements of classical engineering analysis [IZ68] : linear combinations of isogeometric elements serve to approximately compute the solution of a differential equation over bounded, often geometrically non-trivial, regions. The term isogeometric was coined in [HCB05] to highlight the case when the region is traced out by (shape) functions drawn from the same space as the problem unknowns (analysis functions, a.k.a. displacement functions). The space is typically spanned by tensor-product splines defined on rectangular domains [dB02] .
Until [NKP14] , the isogeometric approach has not been investigated near points where more or fewer than four tensor-product elements meet smoothly. (Such points are called irregular, extraordinary or star points.) Earlier work, for example [WZXH12] , has the isogeometric elements join only C 0 along rays emanating from irregular points. Since the smooth joining of surface pieces at irregular points is governed by G k relations, it is natural to apply the concept of geometric continuity to constructing everywhere differentiable isogeometric elements. This paper shows that when both the region's parameterization and the analysis functions are drawn from the same space of G k continuous maps then the resulting isogeometric elements are C k . This observation formed the background for the second author's presentations in early 2014 [Pet14] , with the publication [NKP14] illustrating the approach. Already [KBLW09] hinted at the use of geometric continuity by suggesting to uniformly stretch one of the domains of two abutting tensor-product functions. Such stretching represents a very special case of G 1 continuity, that is called parametric continuity to emphasize that the union of both domains can be embedded in the plane by an affine change of variables. However, uniform stretching does not provide the change of variables necessary to address the general challenge presented by irregular points.
The goal of the present paper is to formally prove the statement of the title and to thereby provide a theoretical framework for G k -based C k -elements. Such elements can readily be constructed from the rich literature on geometric surface constructions or be based on new constructions in that field. For example, the construction in [SSE + 13] (see also [WN01, Pet95] ) could be used to build an isogeometric element rather than to just serve as a surface definition in the context of the boundary element method (There, linear combinations of trivariate Green's functions are to be determined, a setup quite different from the one discussed in the present paper).
To keep the paper focused, we do not discuss the interesting and practically relevant issue of polynomial reproduction near irregular points, a property known under the name of 'flexibility' in the geometric design literature. It is only recently that G 2 surface constructions that reproduce all quadratic modes at the extraordinary point have been derived (see e.g. [KP15] ).
The paper also does not comment on the related but different approach of using subdivision surfaces for isogeometric analysis (see e.g. [CSA + 02]) and it does not comment on methods that approximately enforce angle constraints through penalty functions, such as bending strips [KBH + 10].
Most recently, the technical report [KVJ14] , posted after submission of this paper, follows up on the theory and computations in [Pet14, NKP14] by exploring the space of G 1 functions.
Jets, Geometric continuity and isogeometric elements
This section reviews the concepts underlying our main observation: jets on a manifold, geometric continuity and the definition of isogeometric elements.
Jets. Jets of order k are a precise way of capturing "all information of order ≤ k at a point." The k-jet of an Ê d -valued C k map defined on an open neighborhood of a point s ∈ Ê m is an equivalence class defined as follows. Fix an integer k ≥ 1. Given m, d ≥ 1 and a point s ∈ Ê m , consider the set of pairs
For each m-tuple := (i 1 , . . . , i m ), where the i j are non-negative integers, define | | := i j and let ∂ denote the | | th -order partial-differentiation operator
is an equivalence relation, and the equivalence class of
where f (s) := f 1 (s) = f 2 (s) and • denotes composition. This implies that there is a well-defined composition map
In particular, this applies to the case in which ℓ = m and g is a C k local diffeomorphism. This implies that jets and jet composition are well-defined when Ê m , Ê ℓ , Ê d are replaced by C k manifolds. That is, k-jets of maps from one C k manifold to another are well-defined, and the composition law (3) holds in this larger context. The Appendix shows that the definition of jets also carries over, essentially unchanged, to half-spaces. Jets on half-spaces are used in the definition of geometric continuity below.
Geometric continuity. Geometric continuity refers to matching geometric invariants. However, for practical constructions, the following parameterizationbased definition of matching derivatives after a change of coordinates is widely accepted and equivalent in most relevant cases [Pet02, Sect 3]. We formulate geometric continuity in m variables as follows.
Fix k ≥ 1. For i = 1, 2, let i ⊂ Ê m be an m-dimensional polytope, for example a unit cube, and let E i be an (m−1)-dimensional facet of i , with interior int(E i ) =
• E i . (Here and below, when we refer to the interior • P of a j-dimensional polytope P , we mean the interior of P as a j-dimensional object.) Suppose that
we are given open sets
• E 2 respectively, and a C k diffeomorphism ρ : N 1 → N 2 such that (cf. Fig. 1 ) (4) ρ(
Observe that the second line of (4) can equivalently be written as ρ(
thus the images of the x i join along a common interface E := x 2 (E 2 ) = x 1 (E 1 ). We say that x 1 joins x 2 G k with reparameterization ρ along E if for every s ∈
• E 1 we have
When m = 2, d = 3, and x i are tensor-product splines then each i is a rectangle and E is a boundary curve shared by the surface pieces x 1 ( 1 ) and x 2 ( 2 ) (see Fig. 1 ). Such pairwise G k constructions are used to assemble surfaces where three or more than four tensor-product splines are to be joined smoothly to enclose a point; placing the rectangular domains directly, without reparameterization, into Ê 2 to form a joint domain yields an embedding only if exactly four rectangles meet.
The maps x i with properties (6) and (7) will be used to provide a manifold domain. More generally, if functions
• E 1 , we say that u 1 joins u 2 G k with reparameterization ρ. 
In the following we assume that each x i is injective on its domain; hence x −1 i is a well-defined map from the image of x i to i . When m = 2, i.e. in two variables, the i may be, for example, unit squares. If m = 2 and d = 2 then X is a region of the xy-plane. If m = 2 and d = 3, X is a surface embedded in Ê 3 . If m = d = 3 then X is a (solid) region in Ê 3 .
The goal of the isoparametric approach is to compute, for some N , analysis functions
is called (a piece a of) an isogeometric element if the scalar component functions of both u i and x i are drawn from the same function-space, typically a space of tensor-product spline functions on i .
In the following, we can confine our attention to two maps, i.e. i = 1, 2 (n = 2).
Smoothness of the composition
We want to show that G k constructions yield C k isogeometric elements. The proof is an adaptation of the definition of a smooth function on a manifold. First we idena Iso-geometric degrees of freedom are typically associated with a union of pieces xi( i) of the physical domain (8). (see e.g. [NKP14] ). tify a C k atlas on a domain • X 12 defined by joining x 1 and x 2 with G k continuity. With this atlas,
• X 12 becomes a C k manifold as we will now explain in detail.
C k atlas from G k continuity. Consider injective maps x 1 , x 2 , ρ satisfying the assumptions of (4) and (7), and such that the images x 1 (
We exhibit a C k -manifold structure on the set
as follows. With N i an open set containing
is an extension of the interior of the domain i . We extend x 1 | • 1 to a functioñ
and extend
to an analogous functioñ
(12) (The equality between (11) and (12) follows from (6).) Because of the jet-equality (7), the extended mapsx i are C k . Regardingx i as a map from V i tox i (V i ), we writex −1 i for the inverse of this map. Now observe that (12) and (5) imply that
Therefore
2 )} is a C k atlas on The main result. We are now ready to prove the main result. G k constructions yield C k isogeometric elements) For i = 1, 2, consider C k maps u i : i → Ê N and x i : i → Ê d and assume that each x i is injective and the images x 1 ( (4) ) and that the analysis functions u i match the setup in that u 1 joins u 2 G k with the same reparameterization ρ. Letũ 12 :
Theorem 1 (Matched
• X 12 → Ê N (with • X 12 defined in (9)) be the piecewise isogeometric element defined bỹ
Then
•ũ 12 is C k and
•ũ 12 is the unique function
Proof The G k -join condition on the u i ensures that
which together with the G k -join condition on the x i implies that For both i,
. Therefore, to show thatũ 12 is C k , it suffices to verify thatũ 12 is C k at each point of
1 ) at every point y ∈
• E. Definex 1 ,x 2 as in (10) and (11). The assumed injectivity of the x i and disjointness of the images x 1 ( N 1 ) . Applying the composition law (3) to C k maps between C k manifolds-with-boundary and omitting the notation indicating restriction tox 1 (N 1 ), for all y ∈ • E (a subset ofx 1 (N 1 )), we have
The first and last equalities above are true by the definition of jets at boundaries of half-spaces; see the Appendix. |||
We can extend the C k structure to the outer boundaries of the domains i by strengthening the disjointness assumption to x 1 ( 1 ) ∩ x 2 ( 2 ) = E. Indeed, if Z is any metric space and the functions u i are continuous, then (16) is a necessary and sufficient condition for existence and uniqueness of a continuous functionũ from the larger domain x 1 ( 1 ) ∪ x 2 ( 2 ) to Z whose restriction to E coincides with both
2 | V 2 (where V i are the sets defined prior to (10)). Also, it is not hard to adapt the proof to the case where E is the image of just a piece of the boundary of each E i .
Conclusion
Deriving isogeometric C k elements from G k -manifold constructions is natural. The point of Theorem 1 is to formally justify this approach and to lay a foundation from which to address issues of approximation, flexibility and polynomial reproduction. For, as a consequence of Theorem 1, G k -manifold constructions can be used to devise smooth isogeometric elements for regular as well as irregular layouts, in any number of variables. In particular, existing G k surface constructions in the literature can directly be used to solve differential equations both on surfaces and on planar regions where more or fewer than four four-sided pieces come together -with the value of each construction depending on their individual approximation and convergence properties.
Appendix: One-sided jets
We generalize jets by replacing Ê m in (1) by a half-space H, for example Ê m Denote the set of equivalence classes under this relation by J k s,H,ℓ . There is a natural one-to-one correspondence J k s,H,ℓ ↔ J k s,ℓ given by mapping the equivalence class of (f, U,f ) under ∼ ′ s to j k sf . The k-jet j k pf is independent of which C k extensionf is chosen, so we can use the notation j k s f without confusion. The correspondence J k s,H,ℓ ↔ J k s,ℓ also makes clear that the composition of k-jets of functions defined on half-space domains is well-defined, and that (3) holds in this context as well. It follows that k-jets of maps from one C k manifold-with-boundary to another are well-defined, and the composition law (3) holds in this setting as well. Consequently we may identify J k s,H,ℓ with J k s,ℓ , and dispense with the notation "J k s,H,ℓ ".
